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Abstract—An efficient signal integrity verification method of 
coupled interconnect lines is presented. Two coupled lines are 
decoupled into isolated eigen modes. Then, bit blocks for coupled 
lines which are composed of the finite size of bits are represented 
with the fundamental modes. In addition, the crosstalk effects 
within the bit block are taken into account. Thereby, the crucial 
input bit patterns for the worst case eye-diagram determination are 
mathematically modeled, followed by analytical eye-diagram 
determination. It is shown that not only the proposed technique 
has excellent agreement with SPICE W-model-based simulation 
but also is it very computation-time-efficient, compared with 
SPICE simulation. 

I. INTRODUCTION 
In high-speed digital systems, interconnect latency and 

energy dissipation become to dominate the system 
performance [1]-[3]. Thus, the signal integrity verification of 
interconnect lines inescapably becomes an integral part of the 
design of such systems. 

The performance of interconnect lines can be estimated 
easily with jitter and eye opening using the eye diagram [4]-
[12]. Eye-diagrams are, in general, determined by overlapping 
the continual output responses for numerous pseudo random 
bit sequence (PRBS) input signals. Since an accurate eye-
diagram determination requires huge amount of computation 
time, many efficient eye-pattern determination techniques 
have been developed [4]-[12]. Although the aforementioned 
existing fast eye-diagram determination techniques are very 
useful as well as much more efficient than generic SPICE 
simulation, they are focused on completely isolated lines.  

In this work, an efficient signal integrity verification 
method of coupled lines using analytical eye-diagram 
determination is presented. For the sake of analytical eye-
diagram determination, a few fundamental bit streams in 
which a part of bits substantially interfere with subsequent bits 
are mathematically modeled, followed by analytical eye-
diagram determination. It is shown that the proposed 
technique is very accurate and efficient. 

II. PROBLEM DESCRIPTION FOR FORMULATION 
Considering two coupled lines as shown in Fig. 1, there are 

two eigen modes (e.g., even and odd mode for two identical 
lines). If the signal transients of each line are concerned, an 
arbitrary combination of each line signal can be represented by 
a linear combination of each eigen mode, treating them as a 
single isolated line [13]. However, the consecutive bit stream 
may not be trivial. 

 
An arbitrary n-bit stream X can be represented by,  

1 2 1 1 1i i i n nX x x x x x x x− + −= L L ,                          (1) 

where {0,1}ix ∈ . Defining a part of consecutive bits as a bit 
block, the bit stream X can be represented with bit blocks, e.g.,  

( )( )( )1 2 3 4 1 1 1 1 2 3i i i n nX x x x x x x x x x B B B− + −= =L L .      (2) 

Regarding a bit block as a lumped signal just like a single bit, 
the bit blocks have three types of switching patterns. The three 
fundamental bit pattern combinations are, hereafter, named 
fundamental modes: (1) a quiet state in which all the bits are 
quiet state, (2) a switching state in which at least one bit 
within a block is switching, and (3) the same switching pattern 
as (2) but exactly reversed bit polarities. Then, since all the bit 
blocks can be represented with the three fundamental modes, 
the modal decoupling technique can be exploited. However, 
since the coupling due to different switching bits between 
lines within a bit block cannot be treated only with the modal 
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Figure 1. Coupled lines 

978-1-4244-5309-2/10/$26.00 ©2010 IEEE 3669



decoupling technique, additional coupling mechanisms have 
to be considered. 

III. FUNDAMENTAL MODES FOR COUPLED LINES 
Unlike a monotonic response signal, since the ripples of 

multi-tonic response signal that bounces up and down have a 
significant effect on inter symbol interference (ISI), they have 
to be taken into account for signal integrity verification. For 
example, considering two bit streams composed of ten bits,  

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

111100 1 000
1 000000000

A x x x x x x x x x x
B x x x x x x x x x x

⎧ = =⎪
⎨ = =⎪⎩

 ,      (3) 

the 7-th bit of the bit stream A is more deteriorated than the 
first bit of bit stream B in multi-tonic response signal as shown 
in Fig. 2, although, in the monotonic response signal, they are 
virtually identical.  

 
Note, in Fig. 2, the 7-th bit (logic low-to-high switching) 
signal of the bit stream A chases the previous 6 consecutive bit 
sequence (i.e., 111100) that has the largest undershoot near the 
time when the 7-th bit switches. Thus, the 7-th bit of the bit 
stream A may be less than the first bit of the bit stream B. 
Such a chasing bit (i.e., the 7th-bit in this example) may have 
a substantial effect on the upper level of eye-height of the eye-
diagram. Similarly, the inverse polarity bit stream may have a 
substantial effect on the lower level of the eye-height of eye-
diagram. The response signal bouncing up and down is due to 
impedance mismatching between the transmission line 
characteristic impedance and the termination impedance. The 
time when overshoot/undershoot occurs can be determined by 

 ( ) ( ) { }2 1    peak flightt n n t n n is natual number= + ⋅ ∀ = ,   (4) 

where flightt  is the time of flight. Since a response signal settles 
down with a finite time, the maximum peak voltage, in general, 
occurs at tpeak(1)=3∙tflight or tpeak(2)=5∙tflight , where either of the 
first two bounced signals may become peak value. Thus, the 
peak voltage can be represented with max[Vo(3∙tflight), 

Vo(5∙tflight)]. If a single bit with an opposite polarity is 
overlapped with the bouncing signals, the eye-height is 
significantly deteriorated. Thus, the bit stream concerned with 
the worst case eye-diagram can be modeled with a bit pattern 
that is schematically described in Fig. 3. 

 
In order to define the worst case bit pattern, the three 
parameters that indicate a consecutive bit sequence size (i.e., 
A, B, and C) have to be determined. The parameters are 
correlated with the time of flight (tflight), bit rate (rbit-rate), and 
both driver and receiver impedance. Given circuit termination 
(ZS < ZC-line and ZL=1/jωCLoad), the bit sequence size 
parameters (i.e., A, B, and C) are determined as follows. The 
time of flight can be converted into the number of bit 
(i.e., ( ) /flight Line Line Load bitm L C C t≈ + ), where tbit is the size of 
a bit in terms of time. Since the maximum peak voltage, in 
general, occurs at tpeak(1)=3∙tfligh or tpeak(2)=5∙tflight, the 
parameters can be determined with either of the below two 
expressions. 

( )
( )( )

2 ,  1,  1   3

2 ,  4 1 ,  1   5

flight peak flight

flight flight peak flight

A m B C t t

A m B m A C t t

⎧ = ⋅ = ≥ ∀ = ⋅⎪
⎨

= ⋅ = ⋅ − + = ∀ = ⋅⎪⎩

.   (5) 

IV. CROSSTALK EFFECTS WITHIN A BIT BLOCK 
There are two representative crosstalk effects. One is the 

additive effect of overshoot or undershoot due to crosstalk 
within a bit block and the other is the wave-shape distortion. 

A. Additive Effect of Overshoot/Undershoot 
In order to make the problem simple, 8 bits composed of 3 

bit blocks (i.e., 
} }

1 2 3 4 5 6 7 8  
A CB

X x x x x x x x x≡
64748

) is considered. 
Assuming the bit block of a first line has the similar bit pattern 
as described in Fig. 3, 1 2 3 4 1111A x x x x= = , 5 6 00B x x= = , and 

7 8 10C x x= = . If the second line is quiet within the bit block, 
the scenario can be represented by 

} } } } } }

#1 # 2

#1 1111 00   10  ,  0000  00   00
C CA B A B

line line

scenario
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠
1442443 1442443 .        (6) 

In this case, the 7x bit of the first line may not reach VDD due 
to the undershoot that occurs when the 4x bit switches down. 
However, if the second line is not quiet but switching, the first 
line signals may be more significantly aggravated. Note that 
the most significant overshoot/undershoot occurs when two 

Figure 2.  The worst case bit stream (Zs < Zc, ZL=0.5pF). 

Figure 3.  Model for the worst case bit stream determination 
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lines are switching with an even mode. Thus, if an even mode 
bit pattern for two lines is considered  

} } } } } }

#1 # 2

# 2 1111 00   10  ,  1111 00   10
C CA B A B

line line

scenario
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠
1442443 1442443 ,          (7) 

the undershoot due to 4x bit under the even mode scenario#2 
may be much larger than that of the scenario #1. Moreover, 
the undershoot may be even worse when the coupling due to 
the second line happens to be an additive effect. This scenario 
happens when the second line bit patterns are one bit shifted 
from the first bit patterns as shown below 

} } } } } }

#1 # 2

#3 1111 00   10  ,  0111 10   01
C CA B A B

line line

scenario
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠
1442443 1442443 .           (8) 

 
Note, in the scenario#3, the first part of bits (A) is even mode 
while the second part (B) and the third part (C) cause additive 
coupling (see “scenario#3”in Fig. 4).  

 
B. Wave-Shape Distortion due to Crosstalk 

The most significant effects due to a crosstalk are the 
signal fluctuation and edge-rate variation. These result in the 
eye-height and jitter variation of the eye-diagram. Therefore, 
such an additional effect also has to be taken into account. 
Although the effect may occur for a bit block composed of an 
arbitrary long bit length, it can be simplified with a coupled 
model composed of two bits. Thus, it can be modeled with a 
simple five bit model including two significant bits. Let the 
five bits for both lines be 

}

}

*

1 1 2 3 4 5
*

2 1 2 3 4 5

0 11 01
,

0 10  01

line

line

X x x x x x

X y y y y y

−

−

⎧
= =⎪

⎨
⎪ = =⎩

                    (9) 

where “*” indicates the most interested bits. The third bit of 
the line 1 (i.e., 3x ) may be the most significantly coupled with 
the second bit of line 2 (i.e., 2y ). The coupling effect results in 
the variation of the edge rate and eye-height of 3x , followed by 
the jitter and eye-height variation of the eye-diagram. Note, 
the edge rate variation is related with the amount of the 
coupled voltage (ΔVxtalk) which can be readily determined with 
a pair of simple bit patterns for two lines. That is, the coupled 
voltage (ΔVxtalk) can be determined with the signal variation of 
the third bit of the line 2 (i.e., 3y ). In order to reflect the eye-
height and edge rate variation effect of the 3x , when the two 
lines are switching with an odd mode as follows 

1 1 2 3 4 5

2 1 2 3 4 5

00100
11011

line

line

X x x x x x
X y y y y y

−

−

= =⎧
⎨ = =⎩

,                      (10) 

the response signal of the first line is determined first and then 
the very signal has to be shifted down with the amount of 
ΔVxtalk along the y-axis. Note, the one bit signal ( 3x ) of the 
first line is considered since the eye-height and jitter variation 
can be well modeled with the one bit variation when the two 
lines are switching with an odd mode switching. 

In addition, if the third part (C) bits in a bit block pattern 
as described in Fig. 3 chases the previous parts with 5∙tflight, the 
edge rate of the third part (C) may be significantly distorted. 
Modeling the scenario with a quasi-even mode switching, the 
effect can be readily determined. 

 

V. VERIFICATION 
Eye patterns for interconnect line structure as shown in Fig. 

1 are determined by both PRBS-based SPICE simulation [14] 
and the proposed technique. The results are then compared. As 
shown in Fig. 5, the proposed technique has good agreement 
with SPICE simulation using (216-1) PRBS. It has 
approximately 5% error in eye-height and 13% error in jitter. 
In order to further improve the accuracy of jitter, additional 
miscellaneous effects that are not considered in this work need 
to be taken into account. The computation time efficiency of 
the proposed technique was compared in terms of CPU time. 
The proposed technique was implemented with MATLAB 9.0 
[15] in a PC that uses a 2.4GHz Intel® CoreTM2 Quad CPU 
Q6600 with 4G Byte DDR2 RAM. In order to achieve 
reasonable accuracy using PRBS-based SPICE simulation, 
5×104 PRBSs are applied to both lines. It takes 1125 second. 
In contrast, since the proposed technique takes only 7 second, 
it is much faster than SPICE simulation in the order of two to 
three. Note, in general, since PRBS-based SPICE simulation 
requires excessive computation time even in a single line, it is 
considered virtually impractical for coupled lines. However, 
above all, the biggest problem of the PRBS-based SPICE 
simulation for coupled lines is the fact that the worst case bit 
stream cannot be guaranteed even if the number of PRBS is 
increased. Therefore, the proposed technique is considered 
very useful for practical applications. 

Figure 4.  The worst case bit stream (B ≥2 bits) for 1cm and ZL=0.5pF. 
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VI. CONCLUSION 
In high-speed integrated circuits and systems, the inter 

symbol interference (ISI) noise due to interconnect lines 

between the circuit sub-blocks is one of the significant circuit 
failure mechanisms. In this paper, a new efficient as well as 
accurate eye pattern determination technique for coupled lines 
was presented and its accuracy was verified. For the sake of 
that, a few fundamental bit stream patterns that may induce 
the worst case ISI are mathematically formulated. Since it 
analytically determines the eye-diagram by using only a few 
bit patterns, it is very computation-time-efficient, compared 
with the SPICE simulation which employs innumerous PRBS 
input signals. The proposed technique can be very usefully 
exploited for the signal integrity verification or design of high-
speed integrated systems. 
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 (a) proposed method (line length is 10cm-long and 5Gbps) 

 
(b) SPICE simulation using 50000 numbers of PRBS    

(line length is 10cm-long and 5Gbps) 

(c) eye-height and jitter for line length variation 

Figure 5.  Eye height for line length variations. (Bit rate=5Gbps, 
ZS=50Ω, CL=0.5pF, R11=0.231Ω/cm, R12=0.016Ω/cm, L11=3.76nH/cm, 
L12=1.23nH/cm, C11=1.19pF/cm, C12=-0.36pF/cm, R11AC=36.6μΩ/cm, 
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