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Abstract—A new, accurate, and efficient eye-diagram determi-
nation technique for multi-coupled interconnect lines is proposed.
All the switching-dependent step responses are analytically deter-
mined, followed by eye-height, jitter, and worst-case eye-diagram
for inter-symbol-interference (ISI). In addition, the proposed
technique generates the worst-case input patterns of the worst-
case eye-diagram. The accuracy and efficiency of the proposed
technique is verified with a test circuit using 3-coupled lines.

I. INTRODUCTION

Today’s integrated circuits (ICs) switch within several tens

of pico-second clock edge rate and their data rate per channel

exceeds several tens of Gbps. In the next generation ICs,

however, data rates higher than now may be inexorable.

Overall system performance improvement can be achieved

by boosting the channel data rate or increasing data chan-

nel bandwidth with multiple channels. In such high-speed

multi-coupled data links, electromagnetic coupling (i.e., signal

coupling) between channels and switching-dependent signal

transients are inevitable. The effects result in substantial signal

integrity deterioration and thus significantly limit the system

performance [1], [2]. Without verifying the signal integrity

of these interconnect lines in the early phase of the system

design, many design iteration is inevitable.

Simple timing analysis and crosstalk-noise analysis are not

adequate enough for the performance evaluation of high-

speed data links since these analyses do not take into ac-

count the inter-symbol-interference (ISI). Therefore, holistic

signal integrity verification including ISI rather than such

piecemeal analyses becomes necessary. An eye-diagram is a

helpful metric for intuitively and quickly assessing the overall

performance quality of a digital signal in terms of jitter and

eye-opening [3], [4]. Eye-diagrams are generally determined

by overlapping the continual output responses for numerous

pseudo-random bit sequence (PRBS) input signals [5]. How-

ever, since conventional eye-diagram determination technique

using PRBS-input signal requires huge computation time and

large hardware resources, it may not be practical [6]. To

overcome the limitations, many efficient eye-diagram deter-

mination techniques have been developed [7]–[10]. The peak

distortion analysis algorithm (or similar techniques) [7] is

considered accurate and versatile while the algorithm may not

be accurate in the asymmetrically switching circuits which are

very usual. A double-edge response (DER) approach described

in [8], [9] can substantially improve the inaccuracy problem

due to the asymmetrical switching in linear circuits. The

technique of [8] is very efficient when applied to a single

isolated line with reasonable accuracy, but that is not the case

for multi-coupled lines. In contrast, the algorithm of [9] can be

applied to the multi-coupled lines; the algorithm estimates the

optimistic result rather than the pessimistic one. Therefore, the

technique may result in a substantial design error [10]. This

error may become more significant in multi-coupled lines.

In this work, we propose a novel eye-diagram determina-

tion technique for the accurate and efficient signal integrity

verification of multi-coupled interconnect lines and verify

that the proposed technique can overcome the aforementioned

limitations.

II. MATHEMATICAL FORMULATION

Signal transients in multi-coupled lines are strongly depen-

dent upon input switching patterns. Since a signal has three

switching states (i.e., rising state, quiet state, and falling state),

the possible number of switching patterns for N -coupled lines

are 3N ≡ M . The multi-coupled lines and switching patterns

for the respective lines are represented by the following indices

i ∈ {1, 2, . . . , N} , j ∈ {1, 2, . . . ,M}, (1)

where the “i” indicates the i-th line of N -coupled lines and

the “j” indicates the j-th switching pattern of M -switching

patterns. Then, a switching pattern can be represented with a

column vector

Xj = [x1j · · · xij · · · xNj ]
T
, (2)

where xij indicates a switching state of the i-th line for the

j-th input switching pattern. Note that xij is assigned with

one value of 1, 0, and -1 for rising, quiet, and falling state,

respectively. Then all the input switching patterns for N -

coupled lines can be represented by an input switching pattern

matrix

[X ] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x11 · · · x1M

. . .

... xij

...

. . .

xN1 · · · xNM

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3)
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Fig. 1. Schematic representation of input switching patterns.

Note that the input switching pattern matrix [X ] can be

determined as schematically described in Fig. 1.

The time-domain input signals f (t) and g (t) can be for-

mulated by

f (t) ≡
{

[(VH − VL) · t] /tr + VL, 0 ≤ t < tr

VH , tr ≤ t
(4)

g (t) ≡
{ − [(VH − VL) · t] /tf + VH , 0 ≤ t < tf

VL, tf ≤ t
(5)

where VH and VL are logic high and logic low voltage

levels, respectively. The tr and tf are the rising and falling

times, respectively. The i-th line time-domain input signal

corresponding to the j-th switching pattern, x̂ij (t), can be

represented by

x̂ij (t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f (t), ∀ xij = 1

g (t), ∀ xij = −1

VL, ∀ xij = 0 .

(6)

The physical input signals corresponding to all the input

switching patterns [X ] can be readily formulated as the time-

domain input switching signals [X̂ (t)]. Therefore, all the

output signals corresponding to [X̂ (t)] can also be formulated

as a time-domain output signal matrix [Ŷ (t)].

III. TIME-DOMAIN SYNTHESIS TECHNIQUE

When all other lines except for the k-th line are in an

inactive state, the system function for the i-th line in the N -

coupled lines system (see Fig. 2) can be represented as [11]

Hik (ω) ≡ Vo i (ω)

Ein k (ω)
, (7)

where Ein k (ω) indicates the impulse input signal on the k-th

line, whereas Vo i (ω) indicates the impulse output signal on

the i-th line. The frequency domain output signal of the i-th
line for the j-th input signal can be determined as

ỹij (ω) =

N∑
k=1

x̃kj (ω) ·Hik (ω) , (8)

where x̃kj (ω) and ỹij (ω) are the frequency-domain coun-

terparts of x̂kj (t) and ŷij (t), respectively. Note that [Ŷ (t)]

Fig. 2. Linear N -coupled interconnect lines system. RS is the source resistor
and CL is the load capacitor.

determination corresponding to the output matrix [Ỹ (ω)]
requires the total number of N ·M (=N ·3N ) times inverse fast

Fourier transform (IFFT). If an input signal is applied to the

k-th line, an output signal on the i-th line can be represented

by

vf ik (t) = F−1 {F {f (t)} ·Hik (ω)} , (9)

vg ik (t) = F−1 {F {g (t)} ·Hik (ω)} . (10)

The subscripts f and g indicate the rising and falling switching

states, respectively. It can be represented as a matrix form

[vf (t)] =

⎡
⎢⎢⎢⎢⎢⎣

vf 11(t) ··· vf 1N (t)

. . .
... vf ik(t)

...

. . .
vf N1(t) ··· vf NN(t)

⎤
⎥⎥⎥⎥⎥⎦ , (11)

and [vg (t)] is also a similar matrix form. Then output signals

for input switching pattern Xj can be represented by

Yj (t) = [vf (t)] · [α] + [vg (t)] · [β], (12)

where

[α] = [α1 · · · αi · · · αN ]T , αi =
xij · (xij + 1)

2
, (13)

[β] = [β1 · · · βi · · · βN ]
T
, βi =

xij · (xij − 1)

2
. (14)

Note that (8) requires N · 3N times IFFT for [Ŷ (t)] determi-

nation, whereas (12) requires 2 · N2 times IFFT. Thus, (12)

can significantly reduce the computation time.

IV. THE WORST EYE-DIAGRAM AND INPUT PATTERNS

Using the fast time-domain signal transient synthesis tech-

nique that is described in the previous sections, the worst-

case eye-diagram and its input pattern for N -coupled lines

are determined. An eye-diagram can be determined with 8

boundary signals which can be represented with the index set

z ∈ {1, 2, · · · , 8}. In addition, if a bit period is defined as Tb,

the 8 boundary signals (i.e., Λz (t) for 0 ≤ t ≤ Tb) that form

the eye-diagram can be schematically presented as shown in

Fig. 3.
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Fig. 3. An example of eye-diagram and its eight boundaries.

A. Required Number of Bits for the Worst Eye-Diagram

All the switching-dependent output signals for the k-th line

(ŷkj (t)) are stabilized after time elapses. Note that a present

signal is affected by the tail signals of the previous signals

until all the previous signals are settled down. A settling time

tsettle can be defined by

|Vstable − ŷkj (t)| ≤ ε, ∀ t ≥ tsettle, (15)

where Vstable indicates the two logic voltage levels, VH and

VL. Note that ε is a negligibly small error bound which is pre-

defined. tsettle is dependent upon the line characteristics such

as reflection, crosstalk, and switching edge-rate. Therefore, if

ŷkj (t) is stabilized after tsettle, the total numbers of previous

bits (Q) that may have an effect on the present bit can be

defined by

Q ≡ �tsettle/Tb	, (16)

as schematically represented in Fig. 4.

B. The γ-order Comparison Method

As shown in Fig. 4, the sampled value of an eye-boundary

Λz (ts) for the k-th observing line at a sampling time ts (0 ≤
ts ≤ Tb) can be determined with (N ·Q) previous bits and N
present bits for all the lines. Therefore, the input bit patterns

Fig. 4. Required number of bits for the worst-case eye-diagram and its input
pattern determination.

for Λz (ts) can be represented as below

[B]z = [ B0 B1 · · · Bq · · · BQ ]

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

b10 b11 · · · b1q · · · b1Q
...

...
...

...

bi0 bi1 · · · biq · · · biQ
...

...
...

...

bN0 bN1 · · · bNq · · · bNQ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (17)

where q ∈ {1, 2, · · · , Q}. The biq indicates the q-th previous

bit of the i-th line. The bi0 indicates the present bit of the i-th
line. Considering the observing line as the k-th line, in order

to determine the eye-boundaries of the k-th line, the following

four bit sets for the bk0 and bk1 are fixed.

{bk0, bk1} =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

{0, 0} for low level boundary (z=1, 2)

{1, 0} for rising edge boundary (z=3, 4)

{0, 1} for falling edge boundary (z=5, 6)

{1, 1} for high level boundary (z=7, 8)

(18)

In order to clarify how the sampled values for an eye-

boundary Λz (ts) are determined, a case for the N -coupled

lines with the Q previous bits is illustrated. First of all, Bq

has to be determined in ascending order. In the first step, the

most recent previous bit (Q=1) is considered. Then the input

pattern is [B]z=[B0 B1]. Since [B]z has 2N−2 undetermined

bits (two bits are fixed by (18)), there are 22N−2 distinct

sampled values for [B]z and S (ts). In the second step, since

the 2-nd previous bit is additionally considered, the input

patterns is [B]z=[B∗

0 B∗

1 B2]. Note that the superscript ‘*’

indicate the pre-determined bits at the previous step. Thus,

in this step, since there are 22N−2 distinct pre-determined

[B∗

0 B∗

1 ] and 2N distinct B2, there are the 23N−2 distinct

sampled values for [B]z and S (ts). Continuing to do this

process until the Q-th steps, there are the 2N ·(Q+1)−2 distinct

sampled values for [B]z and S (ts). The Λz (ts) is either of

the largest value for upper boundary or the smallest value

for lower boundary among these 2N ·(Q+1)−2 distinct S (ts).
Therefore, the total number of the determined sampled value

(P ) which is correlated with a computational effort of the

algorithm can be represented by

P =

Q∑
q=1

2(q−1)·N · 22·(N−1) ≈ 2N ·(Q+1)−2. (19)

Note that if N=3 and Q=20, then P=261 that is too huge to

be manageable in practice. Note that there are 2qN−2 distinct

pre-determined
[
B∗

0 · · · B∗

q−1

]
and S (ts) for the q-th step

where 1 < q ≤ Q. If a reduced number of pre-determined

sampled values are considered for the q-th step without losing

the accuracy, the computational effort can be considerably

reduced. If the γ is defined by

γ ≡ qN

2
, ∀ 1 < q ≤ Q, (20)
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the exponential order (qN ) for pre-determined sampled values

at the q-th step is reduced with an arbitrary γ-order. Then,

22γ−2 sampled values, instead of 2qN−2, are considered for

every step. Therefore, the computational effort can be con-

siderably reduced from the 2QN -order to the 22γ-order. The

reduced computational effort (P ′) can be

P ′ = 22·(N−1) + (Q+ 1) · 22·(γ−1)+N . (21)

Note that if N=3, Q=20, and γ=3, then P=2704 that is

practicable. The larger the ‘γ’, the more accurate the result.

However, the computation time increases if γ increases. In

practice, if γ=4, it is accurate enough for most of the cases.

C. Eye-Diagram Boundary Determination

For γ=1, as an example, Λ3 (ts) (z=3, rising upper bound)

and its input pattern for the k-th observing line can be

determined as follows.

1) One previous bits: Considering the first previous bit,

there are the 22·(N−1) distinct [B]3 and S (ts) as mentioned

earlier. An input pattern [B]3 can be represented by Xj that is

a switching column vector in (2). Since the first previous bit

is only considered, a sampled value (S (ts)) corresponding

to Xj is same as ŷkj (ts) which can be determined using

(12). Therefore, 22·(N−1) distinct S (ts) can be readily de-

termined. In order to reduce the computational effort, reduced

number of sampled value S (ts) and its input bit pattern [B]3
is considered. Since γ=1 in this case, only one significant

sampled value is considered (22·(γ−1) = 1). Therefore, only

the largest sampled value and its input pattern is considered.

Note that unlike the upper bound cases, for the lower bound

cases, the smallest sampled value has to be considered. Letting

the largest sampled value among 22·(N−1) distinct S (ts) be

ŷkj−max (ts) and the switching column vector corresponding

to ŷkj−max (ts) be Xj−max. Then the Λ3 (ts) and its input

pattern [Bmax]3 can be represented by

Λ3 (ts) = ŷkj−max (ts) , (22)

[Bmax]3 = [ B0−max B1−max ]

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

b10−max b11−max

...
...

bi0−max bi1−max

...
...

bN0−max bN1−max

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (23)

Note that {bi0−max, bi1−max} bit pairs for i ∈ {1, 2, . . . , N}
are determined by Xj−max.

2) Tail signals: The sampled value (Δq) for the tail signal

of the q-th previous bit that has the effect on the current

sampled value ŷkj (ts) can be determined by

Δq =

{
ŷkj (ts + (q − 1) · Tb)− VH , xkj = 1,

ŷkj (ts + (q − 1) · Tb)− VL, xkj = 0, −1,
(24)

where
{
bi(q−1), biq

}
bit pairs represent Xj .

3) Two previous bits: If the second previous bit is addi-

tionally considered with (22) and (23), the input bit patterns

can be represented by

[B]3 =
[
B∗

0−max B∗

1−max B2

]
. (25)

Thus, in this step, since there are one pre-determined[
B∗

0−max B∗

1−max

]
and 2N distinct B2, there are 2N distinct

[B]3 from (25) and S (ts). Once again, the largest sampled

value (γ=1) is considered. Since the bit pairs
{
b∗i1−max, bi2

}
for i ∈ {1, 2, . . . , N} can be represented by Xj , Δ2 can be

determined from (24). Therefore, all the 2N distinct Δ2s can

be readily determined. Now letting the largest elements among

the 2N distinct Δ2s be Δ2−max and the switching column

vector corresponding to Δ2−max be Xj−max. Then the Λ3 (ts)
and its input pattern [Bmax]3 can be represented by

Λ3 (ts) = ŷkj−max (ts) + Δ2−max, (26)

[Bmax]3 =
[
B0−max B1−max B2−max

]
. (27)

Note that {bi1−max, bi2−max} bit pairs for i ∈ {1, 2, . . . , N}
are determined by Xj−max.

4) The Q-th previous bits: In general, if all the previous

bits (e.g., Q previous bits) are considered, Λ3 (ts) and the

corresponding input pattern can be determined as

Λ3 (ts) = ŷkj−max (ts) +

Q∑
q=2

Δq−max, (28)

[Bmax]3 =
[
B0−max B1−max · · · BQ−max

]
. (29)

Note that if ‘γ = 1’, it is same as the previous technique [9].

The higher γ-order comparison method (γ>1) can be applied

to a similar procedure as described up to now and all the

other boundaries of Fig. 3 can also be determined with the

similar procedure.

5) The Worst Eye-Diagram and Input Patterns: Assuming

that to is an initial sampling time and the sampling time

interval is, δ ≡ Tb/n, where n is the number of sampling,

the 8 eye-boundaries are determined at every sampling time

point. Then overlapping all the 8 boundaries, the eye-diagram

can be analytically determined. If the input bit pattern matrix

[B]z that is determined at a sampling time is not identical with

that of the other sampling time, these two input bit patterns are

considered a continuous input bit stream for the eye-boundary

determination.

V. VERIFICATION

In order to verify the accuracy and efficiency of the pro-

posed technique, a test circuit for 3-coupled lines as described

in Fig. 2 is considered. The cross-sectional dimensions and

transmission line parameters for the 3-coupled lines are shown

in Fig. 5. The eye-opening (jitter and eye-height) using the
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Fig. 5. The 3-coupled interconnect lines structure and its circuit parameters
extracted by 2-D field solver.

(a) eye-height

(b) jitter

(c) simulation time

Fig. 6. The eye-diagram simulation result where RS=70 Ω, CL=0.1 pF ,
Tb=250 ps (4 Gb/CH.), tr=tf=25 ps, Line length = 5 cm, VH=1.2 V ,
VL=0.0 V , N=3, Q=18 (ε=1.0 mV ), and δ=1 ps (n=250).

proposed technique is compared with the conventional PRBS-

based SPICE simulation (see Fig. 6).

(a) γ = 1 (b) γ = 2

(c) γ = 3 (d) γ = 4

Fig. 7. Eye-diagrams. The inputs are (a) the 1st order input patterns (2584-
bits), (b) the 2nd order input patterns (2679-bits), (c) the 3rd order input
patterns (2147-bits), and (d) the 4th order input patterns (1558-bits).

(a) γ = 1 (b) γ = 2

(c) γ = 3 (d) γ = 4

Fig. 8. The worst eye-diagrams calculated by γ=1, 2, 3, and 4 with 1 ps
sampling time interval.

As shown in Fig. 6, the conventional PRBS-based SPICE

simulation requires the larger number of PRBS than at least

218 bits for the reasonable accuracy. The proposed tech-

nique shows similar accuracy with ‘γ = 4’. In contrast,

the computation time of the proposed technique is reduced

beyond comparison. Alternatively, the technique of [9] is too

inaccurate to be accepted. The eye-diagrams for the test circuit

are determined with variable order (i.e., γ=1, 2, 3, and 4) (see

Fig. 7 and Fig. 8). As shown in Fig. 7, the eye-diagram using

the conventional technique is still optimistic than the proposed

one. As shown in Fig. 8, the proposed technique with γ ≤ 2
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Fig. 9. PRBS-based SPICE simulation (216 input bits) versus proposed
technique (γ = 3) for source-resistance variations. CL=0.1 pF , Tb=250 ps
(4 Gbps/CH.), tr=tf =25 ps, Line length = 5 cm, VH=1.2 V , VL=0.0 V ,
N=3, Q=18 (ε=1.0 mV ), and δ=1 ps (n=250).

may not be accurate. Similar test is performed with variable

source impedance. As shown in Fig. 9, the proposed technique

using γ=3 is comparable to SPICE simulation using 216 PRBS.

VI. CONCLUSION

In this paper, a new efficient eye-diagram determination

technique for the signal integrity verification of N -coupled

lines was proposed. The switching-dependent time-domain

step responses could be readily determined using the time-

domain waveform synthesis technique. For the efficient eye-

diagram determination in multi-coupled lines, a new efficient

eye-diagram determination technique (i.e., the γ-order compar-

ison method) is developed. It was verified that the proposed γ-

order comparison method is much more efficient and accurate

than the conventional PRBS-based SPICE simulation.
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