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Analytical Eye-Diagram Determination for the
Efficient and Accurate Signal Integrity Verification

of Single Interconnect Lines
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Abstract—In this paper, a new efficient and accurate an-
alytical eye-diagram determination technique for interconnect
lines is presented. The simplest input test signal model for
the intersymbol interference analysis of high-speed data links
is mathematically formulated. Since input test patterns for eye
boundaries are determined analytically, it is considered very
convenient and efficient. The proposed technique shows excellent
agreement with the SPICE-based simulation in both eye height
and jitter, i.e., within 5% error for nondiscontinuous data paths
and 10% error for discontinuous data paths. The method is
much more computation-time-efficient than the pseudorandom
bit sequence-based SPICE simulation in the order of magnitude.

Index Terms—Eye diagram, intersymbol interference (ISI),
jitter, signal integrity, transmission line.

I. Introduction

OVER THE PAST several decades, the relentless pursuit
of transistor miniaturization technology has made it

possible to integrate more than one billion transistors into a
single die or a single package substrate [1], [2]. In parallel with
such a drastic increase in the level of integration, high-speed
digital systems have achieved data rates in excess of several
tens of gigabits per second (Gb/s), which require several tens
of gigahertz of interconnect bandwidth in both on-chip and
off-chip [3], [4]. However, since interconnect lines cannot be
scaled down as much as transistors, interconnect latency and
bandwidth may dominate system performance [5]–[7]. In par-
ticular, signal integrity exacerbation due to interconnect lines
may play a decisive role in the performance of high-speed dig-
ital systems [8], [9]. Thus, the signal integrity verification of
interconnect lines becomes an integral part of system design.

The input–output (I/O) interface design of a high-speed
integrated system requires several complicated design consid-
erations. Nonlinear driver characteristics, asymmetrical edge
transitions (i.e., rise time �= fall time that results in duty-
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cycle distortion), multiple reflections due to impedance mis-
matching, crosstalk noise between lines, and many random
noises (thermal noise, power supply fluctuation, clock data
recovery phase dither, etc.) significantly deteriorate channel
signal integrity. These effects should be taken into account
in the early phase of the system design as much as possible.
In practice, the worst case analysis provides circuit designers
with good physical insight on how the circuit performance is
correlated with various circuit design parameters. In contrast,
the statistical analysis for the effects may provide the circuit
designers with other useful circuit performance variations such
as random noise effects, statistical deviation, and bit error rate.
Thus, the two methods are considered complementary to each
other.

An eye diagram is a helpful metric for intuitive and fast
assessment of the performance quality of a digital signal [10],
[11]. That is, the performance of interconnect lines can be
easily estimated based on jitter and eye opening using the
eye diagram. Since eye diagrams are generally determined by
overlapping the continual output responses for pseudorandom
bit sequence (PRBS) input signals, an accurate eye-diagram
determination requires a huge amount of computation time,
which results in inherent limitations in many practical appli-
cations. Therefore, in order to relieve the computation time
limitation, it is crucial to reduce the number of input test
patterns as much as possible.

In practice, the physical configurations of high-speed data
links are complicated: 1) driver impedances are nonlinear;
2) the drivers may include pre-emphasis (equalizer) circuits;
3) lines are electromagnetically coupled; 4) the line character-
istics may be frequency variant; 5) the lines have to be treated
as transmission lines in most cases; 6) the data links may
not be uniform but discontinuous; and 7) receivers may be
terminated with arbitrary termination impedances. Thus, it is
formidable to determine input test signals that may constitute
eye boundaries, considering all the above characteristics. With
a few exceptions, the nonlinear driver characteristics have been
evaluated using a general-purpose circuit simulation computer-
aided design tool such as SPICE. Frequency-variant trans-
mission line characteristics can be taken into account if the
frequency-variant transmission line parameters are prepared in
tabulated or closed-form models, whereas other characteristics
may not be exempted from consideration. In particular, since
impedance mismatching or pre-emphasized signals may result
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in multitonic signals at the receiving end, the multitonic
assumption may be considered.

Many efficient eye-diagram determination techniques have
been developed [12]–[26] that are more efficient than generic
PRBS-based SPICE simulations. The fundamental ideas of
these techniques require a reduced number of input test
patterns rather than lengthy PRBS signals by exploiting cre-
ative algorithms [12]–[17] or physical analyses [18]–[23].
Although each technique has its own advantages, they are
all considered useful in respective specified applications since
they can significantly reduce the required computation time.
The peak distortion analysis algorithm (or similar techniques)
[12], [14], [17] is considered superior with respect to its
accuracy and versatility. However, it has two fundamental lim-
itations. In order to improve accuracy, this algorithm requires
a large number of data samples since the accuracy of the
algorithm is implicitly dependent upon the accuracy of the
step response. Furthermore, prior preprocessing step-response
calculations for all data paths may be neither convenient nor
efficient. The preprocessing may require integral calculation
or SPICE simulation that may be a practical limitation since
design modifications require considerable iterative preprocess-
ing. This issue may be more substantial if nonlinear drivers
are considered. In this paper, we present a novel analytical
eye-diagram determination technique that may overcome the
aforementioned limitations.

The computation time of the proposed technique is compa-
rable with the peak-distortion analysis technique [12]. How-
ever, the peak-distortion analysis technique for nonlinear
drivers may not be effectively accurate for use. That is, the
jitter may be overestimated.

In this paper, transmission line characteristics are briefly
mentioned. A simple input signal model for eye-diagram
determination is then mathematically formulated. Scenarios
that may form the eye-boundaries are then investigated, and
input signal models that reflect the scenarios are developed,
followed by eye-diagram determination. The accuracy and
efficiency of the proposed technique are then verified. Finally,
this paper is summarized and concluded.

II. Single Transmission Line Characteristics

Signal transient characteristics on a transmission line are
associated with the line characteristic impedance and ter-
mination impedances. In a transmission line circuit with
source impedance (ZS), characteristic impedance (Zo), and
load impedance (ZL), a source signal at the beginning of the
transmission line Vint =

[
Zo

/
(ZS + Zo)

] · VDD, which arrives
at the load and then reflects back to the source. The reflected
wave travels back and forth between source and load. Then
the output signal will be finally stabilized as

Vstable = VDD
[
ZL/(ZS + RDC + ZL)

]
(1)

where RDC is the dc resistance of the transmission line. If the
output signal exceeds Vstable before it is stabilized, the line
is defined as an “overdriven line.” Otherwise, it is defined
as an “underdriven line.” Since intersymbol interference (ISI)

Fig. 1. Signal transient wave shape at the load. (a) Underdriven line.
(b) Overdriven line. G indicates a reflection coefficient in an underdriven
line and � indicates it in an overdriven line, respectively. The subscripts
(G and L) indicate source and load, respectively.

analyses due to the line characteristics differ in many aspects,
the line characteristics need to be considered separately.

In a linear time invariant (LTI) system, a square pulse
voltage is represented by the summation of two step

vstep (t) = u (t) − u (t − tw) (2)

where tw is a pulse width. Using the square pulse signal,
the signal transient wave shapes at the load of a lossless
transmission line can be drawn as shown in Fig. 1.

The conditions for an overdriven line can be summarized
in the following theorem.

Theorem 1: If the following two inequalities are satisfied,
that is

Zo > ZS and �L >
ZSZL − Zo(ZS + RDC)

ZoZL + Zo(ZS + RDC)
(3)

then a line is overdriven and its output signal transient may
have a multitonic wave-shape response.

Proof: If a line is overdriven, the amount exceeding the
stable logical high value [i.e., VP shown in Fig. 1(b)] has to
be greater than zero. That is

VP = Vint(1 + �L) − Vstable > 0

= VDD
[
Zo

/
(ZS + Zo)

]
(1 + �L)

−VDD
[
ZL/(ZS + RDC + ZL)

]
> 0.

(4)

Rearranging the above inequality yields

�L > [ZSZL − Zo(ZS + RDC)]
/

[ZoZL + Zo(ZS + RDC)]. (5)

As a special case, at the open load (i.e., ZL = ∞), the second
inequality becomes �L > ZS

/
Zo. Furthermore, the transient

signal at the load will not exceed Vstable if Zo ≤ ZS . Hence,
the condition Zo > ZS is satisfied.
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Fig. 2. Transmitted signal deformation.

Fig. 3. Simplest input signal model for the mathematical formulation for
ISIs.

III. Simplest Input Signal Model for ISI

If a pulsed signal is transmitted through a transmission line,
its original pulse shape is deformed due to various undesirable
effects such as loss, dispersion, and reflection. Typically, its
pulse width is lengthened and its tail is dragged with sporadic
ripple signals as shown in Fig. 2. Since ISI is originated
from the overlapping of the present signal with the dragged
tail signals of the previous signals, the simplest input signal
model for ISIs can be mathematically formulated with three
attributes: 1) the previous signal duration (tA); 2) the present
signal duration (tC); and 3) the time interval between the
previous and present signals (tB) as shown in Fig. 3.

Eye diagrams can then be readily determined with a few
specific scenarios that may build-up eye-diagram boundaries.
For an input signal with a pulse width (tw) as described
schematically in Fig. 2, the output signal can be formulated
with two signal components (i.e., output signal without tail
and output signal tail) as

vo(t) = f (t) + g(t) (6)

where

f (t) ≡ vo (t)
[
u

(
t − tf

) − u
(
t − (

tf + tw
))]

(7)

g(t) ≡ vo (t) · u
(
t − (

tf + tw
))

(8)

where g(t) can be considered a tail signal (i.e., the second
signal in Fig. 2) and tf is the time of flight. Regarding an
input signal wave shape as a simple square pulse, the previous
signal can be formulated as

vin(A)(t) = VDD [u (t) − u (t − tA)] (9)

vo(A)(t) = fo(A) (t) + go(A) (t) (10)

fo(A)(t) ≡ vo(A) (t)
[
u

(
t − tf

) − u
(
t − (

tf + tA
))]

(11)

go(A)(t) ≡ vo(A) (t) · u
(
t − (

tf + tA
))

(12)

and subscript A indicates the previous signal. Similarly, the
present signal can be formulated as

vin(C)(t) = VDD [u (t − (tA + tB))

−u (t − (tA + tB + tC))]
(13)

vo(C)(t) = fo(C) (t) + go(C) (t) (14)

fo(C)(t) ≡ vo(C) (t)
[
u

(
t − (

tf + tA + tB
))

−u
(
t − (

tf + tA + tB + tC
))] (15)

go(C)(t) ≡ vo(C) (t) · u
(
t − (

tf + tA + tB + tC
))

(16)

and the subscripts B and C indicate the time interval between
the signals and the present signal, respectively. Since the ISI
between the two neighboring signals can be expressed as the
overlap between go(A)(t) and fo(C)(t), the determination of the
three time duration variables (i.e., tA, tB, and tC) is considered
to be most crucial for input signal modeling. The parameter
determination methods can be summarized by the following
theorems.

A. Underdriven Line

Theorem 2 (Eye Height for an Underdriven Line): Regar-
dless of tA, an eye-height upper bound for an underdriven line
occurs when the present signal duration (i.e., tC) is equal to a
single bit duration and the time interval tB is sufficiently long
to be go(A) (t) ≈ 0.

Proof: In an underdriven line, an eye-height upper bound
occurs when fo(C)(t) overlaps with the minimum value of
go(A)(t). If the bit duration is too short, it will not reach Vstable.
Thus, the peak value of fo(C)(t) with bit duration ζ is minimal
when the bit duration is equal to that of a single bit (i.e., the
shortest bit duration). The tail signal of a previous signal with
time duration can be represented by

go(A) (t) = (vo (t) − vo (t − tA)) · u
(
t − (

tf + tA
))

(17)

where

vo (t) = Vint(1 + GL) ·
∞∑
n=0

n∑
k=0

(GGGL)k

· [u (
t − (2n + 1) tf

) − u
(
t − (2n + 3) tf

)]
.

(18)

Note that since −1 < GL < 1, (1 + GL) > 0. For
an underdriven line, GGGL > 0. Since lim

t→∞ vo (t) =

VDD
[
ZL/ (ZS + ZL)

]
, for a sufficiently large value of tB, the

tail value of the previous signal fades away. That is, since

lim
tB→∞ go(A)(t = tf + tA + tB) = 0 (19)

in a time interval
(
tf + tA + tB ≤ t ≤ tf + tA + tB + tC

)
with a

long tB that satisfies go(A) (t) ≈ 0

vo (t) = go(A) (t) + fo(C) (t) ≈ fo(C) (t) . (20)

Thus, when tC is equal to a single bit duration, fo(C)(t) has a
minimum peak value that may form an upper bound of an eye
diagram.
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B. Overdriven Line

Theorem 3 (Eye Height for an Overdriven Line): An eye-
height upper bound for an overdriven line may occur when:
1) a previous signal duration is tA = 2tf ; 2) the time
interval between the previous and present signals is tB =
2tf − (a single bit duration) = 2tf − tC; and 3) the present
signal duration (i.e., tC) is equal to a single bit duration.

Proof: In an overdriven line, an eye-height upper bound
occurs when fo(C)(t) overlaps with the minimum value of
go(A)(t). Although many reflected waves at the load appear
consecutively after a round trip between the load and source,
the first reflected wave for an overdriven line reduces the load
signal to its lowest value. In an LTI system, an input bit stream
can be formulated as

vin(t) = VDD

∞∑
n=0

an (u(t − tn) − u(t − tn+1)),

∀(tn+1 > tn, t0 = 0)
(21)

where an ∈ {1, 0}. Thus, the simplest input signal model for
the mathematical formulation of ISIs can be represented as

vin(t) = VDD

2∑
n=0

an (u(t − tn) − u(t − tn+1))

= VDD [a0 (u(t − t0) − u(t − t1))

+a1 (u(t − t1) − u(t − t2))

+a2 (u(t − t2) − u(t − t3))]

(22)

where a0 = 1, a1 = 0, and a2 = 1. Then

vin(t) = VDD[(u(t − t0) − u(t − t1))︸ ︷︷ ︸
Previous Signal

+ (u(t − t2) − u(t − t3))︸ ︷︷ ︸
Present Signal

].
(23)

The output signal can be determined by the convolution

vo(t) = h(t) ∗ vin(t)

= h(t) ∗ (VDD[(u(t − t0) − u(t − t1))

+(u(t − t2) − u(t − t3))])

(24)

where h(t) is the impulse response of the system. The first
term (i.e., the response for the previous signal) is

vo(A)(t) = h(t) ∗ [VDD · u(t − t0)]︸ ︷︷ ︸
X(t)

+ h(t) ∗ [VDD(−u(t − t1))]︸ ︷︷ ︸
Y(t)

.
(25)

Thus, the minimum value of vo(A)(t) can be determined by

min
[
vo(A)(t)

]
= min [X(t)] + min [Y (t)] . (26)

X(t) has a minimum value in the time interval (t0 + 3tf ) < t <

(t0 + 5tf ) while Y (t) has a minimum value in the time interval
(t1 + tf ) < t < (t1 + 3tf ). In an overdriven line, the positive
step response is

vo (t) = Vint(1 + �L) ·
∞∑
n=0

n∑
k=0

(�G�L)k

· [u (
t − (2n + 1) tf

) − u
(
t − (2n + 3) tf

)]
.

(27)

Note that (1 + �L) > 0. If a line is an overdriven line,
�G�L < 0. Since a charging (discharging) time is finite, the
output response signal monotonically increases in the time
interval tf < t < 3tf , while it monotonically decreases in
the time interval 3tf < t < 5tf . A negative step response is
exactly opposite to the positive response. Thus, the following
inequalities are always satisfied:{

X
(
t = t0 + 3t+

f

)
> X

(
t = t0 + 5t−f

)
Y

(
t = t1 + t+

f

)
> Y

(
t = t1 + 3t−f

)
.

(28)

In the above equations, t+
f indicates the time right after tf ,

and t−f indicates the time right before tf . Thus, the minimum
value of vo(A)(t) can be determined when t0 + 5t−f = t1 + 3t−f .
This shows that t1 − t0 = 2tf . Moreover, since tA = t1 − t0 =
2tf , go(A)(t) = vo(A)(t) · u(t − (t0 + 3tf )). The minimum value
of vo(A)(t) occurs within the time interval (t0 + 3tf ) < t <

(t0 + 5tf ), and go(A)(t) = vo(A)(t) for all
(
t > t0 + 3tf

)
. Thus,

min[vo(A)(t)] = min[go(A)(t)] and the minimum value exists in
the time interval (t0 + 3tf ) < t < (t0 + 5tf ). Since all practical
interconnect lines are lossy (even for slight loss), the signal is
further reduced with time. Thus, the minimum value of go(A)(t)
can be determined as

gmin ≡ [
go(A) (t)

]
minimum ≈ go(A)

(
t = 5tf

)
. (29)

Since an eye-height upper bound is formed when gmin is
overlapped with fo(C)(t)

tB =
(
5tf − 3tf

) − tC. (30)

Since the worst eye-height boundary is always concerned with
a minimum present signal bit duration (i.e., a single bit), the
above expression can be rewritten as

tB = 2tf − tC = 2tf − (a single bit duration) . (31)

IV. Eye-Diagram Determination

This section describes eye-diagram determination tech-
niques using the mathematical formulations developed in
previous sections.

A. Bit Length Conversion

In the previous sections, a continuous input signal for the
mathematical formulation of ISIs was employed. However, for
the practical application, the continuous signals are required
to be represented by a minimum digital signal unit, i.e., a bit.
That is, in Theorems 2 and 3, tA and tB were represented by
tf . Thus, tf has to be represented in terms of the number of
bits. According to Theorem 2, bit conversion is not required
in the underdriven line analysis. However, in the overdriven
line case, the model parameters for the simplest input signal
model of Fig. 3 can be determined by using Theorem 3 as(

tA = 2tf , tB = 2tf − tC, tC = tbit
)

(32)

where tf =
√

LlineCline, tbit is the time duration (i.e., width) of
a single bit, and Lline and Cline are the total inductance and
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total capacitance of a line, respectively. If ZL is a capacitive
load (CL), the effective time of flight can be approximated as

tf ≈
√

Lline(Cline + CL). (33)

Converting the continuous time duration into the bit duration,
the model parameters become

(tA/tbit, tB/tbit, tC/tbit) . (34)

Although tC/tbit is by definition equal to 1, both tA/tbit and
tB/tbit are rational. Bit conversion can be represented by

I [tx]i ≥ 1, ∀ i ∈ {1, 2} (35)

where tx denotes one of the three time durations (i.e., tA, tB,
and tC). The superscript indicates “upper bound (i=1) or lower
bound (i=2)” and the four combinations of

(
I [tA]i , I [tB]i , 1

)
have to be taken into account since the worst case combination
is unknown.

B. Eye-Diagram Boundary Determination

1) Underdriven Line: In an underdriven line, the model
parameters for the simplest input signal model of Fig. 3 can be
determined from Theorem 2. That is, tC is equal to a single bit
duration, and the time interval tB for go(A) (t) ≈ 0 is considered
to be tA = tB = 0. Since all of the model parameters are
integers, bit conversion is not required. Thus, the present input
signal vin(C)(t) is

vin(C)(t) = VDD [u (t) − u (t − tC)] , ∀tC = tbit (36)

and the corresponding output signal is

vo(C)(t) = h(t) ∗ vin(C)(t). (37)

Assuming a lossless line, its eye-height upper bound is given
by

vo(C)(t) =
[
vo(C)(t)

]
upper = Vint(1 + GL)

∀ tf < t < (tf + tC).
(38)

2) Overdriven Line: The eye-diagram boundaries for an
overdriven line can be formed by two special cases.

a) Eye boundaries due to a previous signal: According to
Theorem 3, if a previous input signal vin(A)(t) is

vin(A)(t) = VDD [u (t) − u (t − tA)] , ∀tA = 2tf (39)

and the corresponding output signal is

vo(A)(t) = h(t) ∗ vin(A)(t). (40)

In an eye diagram, vth is defined as the threshold voltage
level (i.e., the crossing point between switching levels).
Thus, vo(A)(t) may form the lower bound of the eye if
vo(A)(t) is in the boundary of 0 < vo(A)(5tf < t < 7tf ) <

vth, while it may form the upper bound of the eye if
vo(A)(t) is in the boundary of vth < vo(A)(5tf < t <

7tf ) < Vstable. In contrast, the inverse input signal and
its corresponding output signal are

v̄in(A)(t) = VDD [(u (−t) + u (t − tA))] , ∀tA = 2tf (41)

Fig. 4. Signal transient wave shape for an overdriven line with(
tA = 2tf , tB = 0, tC = 0

)
and the initial value of VDD = 1V.

Fig. 5. Signal transient wave shape for an overdriven line with(
tA = 2tf , tB = 2tf − tbit , tC = tbit

)
and the initial value of 0V.

vo(A)(t) = h(t) ∗ v̄in(A)(t) (42)

respectively. As schematically described for a lossless
line in Fig. 4, if the following inequality is satisfied

vth < vo(A)(5tf < t < 7tf ) < Vstable. (43)

Then an upper bound of an eye may occur in the time
boundary of 5tf < t < 7tf and it is given by

vo(A)(t) =
[
vo(A)(t)

]
upper

= Vstable − Vint(1 + �L)�L�G�L�G

∀ (
5tf < t < 7tf

)
.

(44)

b) Eye boundaries due to overlapping of the previous signal
tail with the present signal: According to Theorem 3, in
an overdriven line, the model parameters for the simplest
input signal model of Fig. 3 can be determined using(
tA = 2tf , tB = 2tf − tC, tC = tbit

)
. As schematically de-

scribed for a lossless line in Fig. 5, the upper bound of
an eye height is due to the present signal (i.e., tC = tbit)
and its voltage level is given by

vo(t) = [vo(t)]upper = Vint(1 + �L)(1 + �L�G)

∀ (tf + tA + tB) < t < (tf + tA + tB + tC)
(45)

where [vo(t)]upper may be considered as an upper bound
due to the overlapping of the previous signal with the
present signal.
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Fig. 6. Input signals. (a) Input without present signal switching. (b) Input
with present signal switching.

C. Improvements for More Accurate Jitter Determination

We consider two input signals; one has a previous signal that
switches from logical state low to logical state high but the
present signal is not switching, as in Fig. 6(a). The other has a
previous signal that switches from logical state low to logical
state high, while the present signal switches from logical state
high to logical state low as in Fig. 6(b). The corresponding
output signals are shown in Fig. 7.

If the output signal (vo(C)(t)) due to the present signal
switching occurs within the time interval 5tf < t < 7tf as
shown in Fig. 7(b), then the present signal switching increases
the jitter. This can be explained as follows. Consider no present
signal switching, as shown in Figs. 6(a) and 7(a). Since the line
is overdriven, the vo(A)(t) portion within the time interval 5tf <

t < 7tf becomes the least logical high value. Thus, the portion
may form an eye-height upper bound. Fig. 6(b) illustrates the
case when a present signal switches. Thus, since the lowest
logical high state switches to the logical low state, the falling
edge of the present signal vo(C)(t) causes additional jitter.

In order to capture the additional effects, an additional input
test signal model is required in which the present signal output
switches in the time interval 5tf < t < 7tf . The input signal
has a rise time trise and fall time tfall. For the simplicity of
the model, it is assumed that trise is equal to tfall. In practice,
since a line is lossy (even for slight loss), the output signal
decreases monotonically in the time interval 5tf < t < 7tf .
This results as

vo(A)
(
t = 7t−f

)
= min[vo(A) (t)], ∀ 5tf < t < 7tf . (46)

Thus, tB that may cause the jitter modulation is

tB = 2tf +
(
2tf − tfall

)
= 4tf − tfall. (47)

In order to incorporate the jitter modulation effect into
the input model, the model parameters (i.e., tA = 2tf , tB =
4tf − tfall, and tC = tbit) also have to be converted into a bit
duration. Then the additional 4-bit pattern combinations of(
I [tA]i , I [tB]i , 1

)
have to be taken into account.

D. General Input Signal Model With Multiple Interferences

Up to now, only one previous signal has been considered
in the simplest input signal model for ISI. This was shown

Fig. 7. Schematic output signals. (a) Output signal corresponding to
Fig. 6(a). (b) Output signal corresponding to Fig. 6(b).

Fig. 8. Input signal model with two previous signals.

in Fig. 3. However, for a general input signal model for ISI,
multiple bit patterns have to be taken into account. In order to
simplify the problem, we consider a scenario in which two
previous signals have an effect on the present signal. The
input signal with two previous signals can be schematically
described as shown in Fig. 8. Nomenclature for the input signal
model parameters is defined as follows.

tA: Time duration for previous signal 1.
tB: Time interval between two previous signals.
tC: Time duration for previous signal 2.
tD: Time interval between previous signal 2 and present

signal.
tE: Time duration for present signal.

Note that Theorem 3 can be applied to the interaction between
the present signal and the previous signal 2. Thus, the model
parameters except for tA and tB can be determined as(

tC = 2tf , tD = 2tf − tE, tE = tbit
)
. (48)

Since the maximum tail signal occurs after 2tf , tA = 2tf . Thus,
the input signal for the first previous signal and its output
signal are

vin(A)(t) = VDD [u (t) − u (t − tA)] , ∀tA = 2tf (49)

vo(A)(t) = h(t) ∗ vin(A)(t) (50)

respectively. Note that vo(A)(t) is the same form as described
in Fig. 1(b). Thus

vo(A)(t)
[
u

(
t − (4n + 3)tf

) − u
(
t − (4n + 5)tf

)] ≤ 0
n = {0, 1, 2, · · · , m}. (51)
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In order for vo(A)(t) to be min[vo(A)(t)], tB has to be determined.
With only one previous signal, the minimum value of the tail
signal of the previous signal 1 exists in the time interval of
3tf < t < 5tf as in Fig. 1(b). However, in the input signal with
two previous signals, since the previous signal 2 (which has
the time duration tC = 2tf ) follows the previous signal 1 after
tB, the present signal exists in the time interval 7tf < t < 9tf .
Thus, tB has to be 2tf (i.e., tB = 2tf ). In summary, the model
parameters for the input signal model with two previous sig-
nals are

(
tA = 2tf , tB = 2tf , tC = 2tf , tD = 2tf − tE, tE = tbit

)
.

Converting these parameters into the bit duration, the re-
spective model parameters have two possible integer val-
ues. Thus, the possible input parameter combinations are(
I [tA]i , I [tB]i , I [tC]i , I [tD]i , 1

)
, where there exists 24 input

combinations. Note that the input signal model with the
two previous signals can be readily generalized with minor
modification for the n-previous signals model.

In most practical circuits, it is considered that the two previ-
ous signals are accurate enough. However, if the settling time
is lengthy, additional previous signals are required. Hence,
the total number of input patterns (Npattern) of the proposed
algorithm becomes

Npattern = 22α + β + γ = 22α + 5 (52)

where α is the number of previous signals for the overdriven
line and β is the number of patterns for accuracy improvement
while γ is the number of patterns for underdriven line that is
one. Thus, whenever an additional previous signal is added,
the simulation time is approximately increased by four times.
Nonetheless, the simulation time is far less than a PRBS-based
SPICE simulation.

V. Discontinuous Lines

In a data path that consists of many discontinuous lines, an
input signal arrives at a destination node after experiencing
many reflections. If a signal is reflected by M lines among
N discontinuous lines before it arrives at a destination, the
number of such combinations is

PM ≡
(

N

M

)
=

N!

(N − M)!M!
,∀M = {1, 2, . . . , N} . (53)

The total number of delayed waves is

q =
N∑

M=1
PM. (54)

For example, q = P1+P2+P3 = 7, ∀N = 3. The delay times can
be determined using the algorithm shown in Fig. 9, which is an
example for a data path that consists of three discontinuous
lines. Thus, selecting a pair of elements (delayed times of
flight) among {1 ≤ i ≤ q|Di}, we can define the simplest
input test patterns as described in previous sections. The eye
diagram for the discontinuous data path can be determined
by overlapping all of the eye diagrams from all of the pairs
(i.e., r-pairs) that contain the number of r = q!

/[
(q − 2)!2!

]
.

However, the output signal of a discontinuous line has ap-
proximately repetitive wave shapes in the time interval of

Fig. 9. Determination of arrival times of delayed waves.

Fig. 10. (a) Discontinuous lines circuit model. RS = 50 �, CL = 0.1 pF, and
bit rate = 5 Gb/s. (b) Eye diagram. The transmission line parameters for the
W-element are (RDC

[
�/cm

]
, RS

[
μ�/cm

√
Hz
]

, L
[
nH/cm

]
, C
[
pF/cm

]
) =

(0.084, 17.80, 2.41, 1.73) for line 1, (0.23, 31.50, 3.86, 1.05) for line 2, and
(0.12, 22.35, 2.94, 1.40) for line 3.

(2k − 1) Do ≤ t ≤ (2k + 1) Do for all k = {1, 2, . . . , m}
although their magnitudes differ. In order to determine the
repeatability of the wave shape, uniform line characteristics
can be utilized. That is, the output signal can be rewritten as

vo (t) = Vint(1 + �L) ·
∞∑
n=0

n∑
k=0

(�G�L)k

· [u (
t − (2n + 1) tf

) − u
(
t − (2n + 3) tf

)]
.

(55)

If �G�L > 0, the wave shapes of vo(t) are a scaled replica
every t = 2Do. On the contrary, if �G�L < 0, the wave shapes
of vo(t) are a scaled replica every t = 4Do. Since the wave
form abruptly changes for every replica signal, the identical
input test signals as are used in the nondiscontinuous data path
can be readily determined every t = 2Do or t = 4Do, followed
by an eye diagram for the discontinuous data path.
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TABLE I

Eye Height and Jitter

Case Item General Approach Statistical Approach
SPICE Proposed Casper [12] Oh [17] Ansoft Designer 6.1 MATLAB MATLAB Ansoft Designer 6.1

(PRBS= (DER) Transient QuickEye (PRBS= (Proposed) Transient QuickEye
20 000) (PRBS= (PRBS= 20 000) (PRBS= (PRBS=

20 000) 20 000) 20 000) 20 000)
Linear Height (mV) 893.8 894.7 893.7 895.0 898.2 899.0 753.6 803.4 758.8 758.1
circuit Jitter (ps) 10.7 10.6 11.6 9.0 11.2 11.2 11.0 11.0 16.0 18.0

Time Preprocessing – – SPICE: 0.2 SPICE: 0.2 – – – – – –
(s) Eye calculation – MATLAB: 0.3 MATLAB: 0.1 MATLAB: 1.1 – – – – – –

Total 320.0 0.3 0.3 1.3 53.2 1.2 187.2 15.1 53.3 1.2
Non Height (mV) 776.0 812.0 819.0 663.0 776.6 644.5 613.5 588.4 610.6 140.7

linear Jitter (ps) 11.0 10.0 25.8 31.5 12.4 41.2 12.0 17.0 26.0 50.0
circuit Time Preprocessing – – SPICE: 0.2 SPICE: 0.2 – – – – – –

(Fig. 15) (s) Eye calculation – SPICE: 11.0 MATLAB: 0.1 MATLAB: 19.0 – – – – – –
Total 322.0 11.0 0.3 19.2 86.1 0.8 187.2 15.1 86.3 0.8

Fig. 11. Step response. RS = 30 �, CL = 0.5 pF, line length = 5 cm, trise =
50 ps, and bit rate = 5 Gb/s. The transmission line parameters for the W-
element are (RDC

[
�/cm

]
, RS

[
μ�/cm

√
Hz
]

, L
[
nH/cm

]
, C
[
pF/cm

]
) =

(0.23, 31.50, 3.86, 1.05).

VI. Verification and Discussion

In order to verify the efficiency and accuracy of the pro-
posed technique, eye diagrams for a test transmission line
circuit are compared using both PRBS-based SPICE sim-
ulation and the proposed technique, which is implemented
by using a MATLAB code. The results of various circuit
design variables such as line length, source impedance, load
impedance, and bit rate are compared. The step response for a
single-line test circuit with a linear load is shown in Fig. 11.
For the SPICE simulation, the W-element model is employed
[27]. In Fig. 12, eye height and jitter are determined by
varying the source impedance. Similar tests are performed with
variable load impedance, line length, and bit rate, as shown
in Figs. 13 and 14, respectively. As shown in Figs. 12–14,
the proposed technique shows excellent agreement with the
SPICE simulation.

More practical circuits that have a nonlinear driver, capac-
itive load and frequency-variant transmission line character-
istics are tested. Note that the frequency-variant transmission
line model (SPICE W-element) that takes the skin effect and
transmission line loss into consideration is employed. The
lines that are driven with a nonlinear driver are evaluated with
the circuit as shown in Fig. 15. In these nonlinear circuits,
the proposed technique shows good agreement with PRBS-
based SPICE simulation. In Table I, the proposed algorithm is
compared with other techniques. The line length is 5 cm long,

Fig. 12. MATLAB versus SPICE (eye height and jitter) for source-
resistance variations. CL = 0.5 pF, line length = 5 cm, trise = tfall = 50 ps, and
bit rate = 5 Gb/s.

TABLE II

Eye Height and Jitter for Fixed Rise Time (50 ps) and Varying

Fall Time (10–90 ps)

Fall Eye Height (mV) Jitter (ps)
Time SPICE SPICE SPICE SPICE
(ps) (PRBS=20 000) (Proposed) (PRBS=20 000) (Proposed)
10 892.9 895.0 12.8 12.9
30 894.3 894.9 12.1 12.1
50 893.8 894.2 10.7 10.6
70 885.0 887.4 13.5 13.4
90 878.0 879.2 16.6 16.6

trise = tfall = 50 ps, and bit rate = 5 Gb/s. The circuit model
parameters are RS = 50 � and CL = 0.5 pF.

For the performance evaluation, we employed MATLAB
(version 7.8) in a PC that uses a 2.4 GHz Intel Core2 Quad
CPU Q6600 with 4 GB DDR2 RAM. Both the peak distortion
algorithm [12] and double edge response (DER) algorithm
[17] require preprocessing such as unit step response or unit
pulse response that can be determined with SPICE simulations.
Such preprocessing time should be taken into account for the
total execution time. The data per unit interval for the peak
distortion algorithm are sampled with 200 points.
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Fig. 13. Eye height and jitter for load capacitance and resistance variations.
RS = 50 �, line length = 5 cm, trise = tfall = 50 ps, and bit rate = 5 Gb/s.

Fig. 14. Eye height and jitter for line length and bit rate variations. RS =
50�, CL = 0.5 pF, and trise = tfall = 50 ps, bit rate = 5 Gb/s for line length
variations. RS = 50 �, CL = 0.5 pF, line length = 5 cm, and trise = tfall =
tbit × 0.2 for bit rate variations.

Fig. 15. Test circuit to investigate nonlinear driver effects.

In order to test the asymmetrical driver switching, a cir-
cuit with fixed rise time (50 ps) and varying fall time (10–
90 ps) is evaluated. The circuit model parameters are RS =
50 �, CL = 0.5 pF, and line length=5 cm. As summarized
in Table II, the proposed technique shows good agreement
with SPICE simulation results. For the nonlinear drivers, the
peak-distortion analysis technique [12] shows significant error
as shown in Table I, whereas the proposed technique still
shows good accuracy. Note that for nonlinear drivers, we
used the proposed input test patterns for the SPICE input.
It is to be noted that the proposed model cannot directly
handle power fluctuation noises and substrate noises. Often in
sensitive industrial applications, it is required that the peak-to-
peak power fluctuation level be maintained below 5% of VDD.
In less-sensitive applications, this may be relaxed to 10%.

VII. Conclusion

In high-speed integrated circuits and systems, the signal
integrity deterioration due to interconnect lines between the
circuit subblocks is considered one of the most significant
circuit failure mechanisms. This paper proposed a new efficient
and accurate eye-pattern determination technique for the signal
integrity verification of high-speed data links and verified its
accuracy. As a result, the input signal model for the worst
case ISI analysis was mathematically formulated. Combin-
ing the simple input signal model with the worst case ISI
model, an eye diagram was then analytically determined. The
proposed analytical model was implemented using MATLAB.
Its accuracy and efficiency were compared with those of the
conventional SPICE simulation. For the various circuit design
variables such as line length, termination impedance, and bit
rate, the eye height and jitter using the proposed techniques
show excellent agreement with those of the PRBS-based
SPICE simulation; however, it was shown that its computation
time is much faster than that of the PRBS-based SPICE
simulation in the order of magnitude. Thus, the technique can
be usefully employed for high-speed data link design.
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