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Simulator for Interconnects and General Multiline Analysis (SIGMA):
Simulation Algorithm of Lossy Multiple Transmission Lines
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We proposed the time domain characterization algorithm for multiple lossy interconnect lines
having frequency-dependent characteristics. The stable and accurate low order transfer functions
of lossy transmission lines in the frequency domain are obtained using the linear least square ap-
proximation and adaptive sampling methods. Then, the time domain response of the transmission
lines can be determined directly with the frequency domain transfer function based on inverse
Laplace transformation. The algorithm was implemented into Berkeley SPICE 3 by representing
the mathematical formulation with Norton equivalent circuit. The proposed method shows good
agreement with HSPICE simulation results within 5 % error.

I. INTRODUCTION

Fast and accurate evaluation of signal transients on
interconnects become an essential part of today’s high-
speed and high-density digital system design. Particu-
larly, as the electrical length of interconnects continues
to increase, the transmission line effects such as crosstalk,
propagation delay, reflection, and dispersion on the inter-
connects of the high-performance systems significantly
degrade signal integrity [1,2].

The segmented ladder network model for SPICE sim-
ulation cannot be adapted to an accurate simulation of
the frequency-dependent effects of the lossy transmission
lines. Since the transmission lines can be inherently well
characterized in the frequency domain, they have been
mathematically formulated in the frequency domain with
telegrapher equations. In contrast, the non-linear semi-
conductor devices can be more suitably modeled in the
time domain. Thus it is very difficult to directly integrate
the transmission line model into an existing transient cir-
cuit simulator. In order to overcome such problems, sev-
eral methods have been proposed which can analyze the
transmission lines in the time domain [3,4].

Once the transfer functions of the transmission line
are determined in the frequency domain, its time do-
main counter part can be yielded by inverse Fourier or
Laplace transform. The system response, including the
transmission line effects, can be formulated by convolu-
tion integral in the time domain with boundary condi-
tions [5–7]. Then finally, modeling them as an equivalent
circuit, the time domain response of the transmission line
can be implemented into a time domain circuit simula-
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tor such as SPICE. However, the conventional inverse
transform techniques such as inverse Fourier transform
or inverse Laplace transform and the convolution integral
need a long computation time for numerical integration.
In other words, such numerical transform methods are
computationally inefficient [8,9].

To cope with this difficulty, not only moment-
matching techniques based on Pade approximation, but
also a recursive convolution algorithm with linear time
complexity was proposed [9]. In the Pade approximation,
moments are generally taken either from an s = 0 expan-
sion or from s = ∞ expansion, where s is the Laplace
transform variable. In general, the moment-matching-
based rational function approximation is accurate only
near the expansion point. That is, it becomes less accu-
rate from a distance beyond the expansion point. There-
fore, this type of approach has a fatal drawback which
may result in a convergence problem owing to the error
during the system response calculation [10]. To improve
the accuracy of the transfer function, the section-by-
section algorithms which use constrained L2 minimiza-
tion and the multipoint Pade approximation such as the
complex frequency hopping (CFH) have been introduced
[10,11]. Although these approaches improve upon the ac-
curacy of approximation for a desired frequency range,
they are cost-inefficient for the fast recursive convolution
because they have a large number of poles.

In this work, a novel, efficient, and accurate method to
compute the time domain response of multiple coupled
transmission lines was developed. The method exploits
the LSA (Least Square Approximation)-based adaptive
sampling technique which can accurately represent the
transfer function with only a few poles over the wide
range of the frequency spectrum. The algorithm was
implemented into Berkeley SPICE 3 and its accuracy
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Fig. 1. Characteristic admittance of transmission line.
(a) Transfer function in the complex frequency domain, (b)
Transfer function in the inverse complex frequency domain,
(c) Accuracy of approximated rational function with respect
to the transmission line data point in sampled frequency
range, The two curves are almost indistinguishable, and (d)
Accuracy of approximated rational function of with respect
to the transmission line data point in natural extended fre-
quency range, The two curves are almost indistinguishable.

was verified using HSPICE simulation.

II. THE TRANSMISSION LINES MODEL OF
INTERCONNECTS

Fig. 2. Triply coupled transmission lines in the MCM-D.
(a) Circuit configuration for simulation (the length of trans-
mission line is 5 cm), (b) Cross section of three coupled trans-
mission lines, and (c) Waveform comparison between SIGMA
and HSPICE.

The uniform coupled transmission lines with N con-
ductors can be modeled in the frequency domain through
the following telegrapher equations.

∂I(x, s)
∂x

= −(sC +G)V (x, s) (1)

∂V (x, s)
∂x

= −(sR+L)I(x, s) (2)

where R, L, G and C are the real symmetric matrices
of resistance, inductance, conductance, and capacitance
per-unit-length, respectively. R, L, G and C are a func-
tion of frequency. Then, solutions for the voltage and
current are[

1 SiE(l)S−1
i

SiE(l)S−1
i 1

] [
I1

I2

]
=
[

SiS
−1
v −SiE(l)S−1

v

−SiE(l)S−1
v SiS

−1
v

]
. (3)

The inverse Laplace transforms of SiS
−1
v and

SiE(l)S−1
v are necessary to incorporate (3) into a time

the domain simulator. They can be represented in the
time domain, as shown below

i1(t) = h1(t) ∗ v1(t)− h2(t− td) ∗ v2(t)
−h3(t− td) ∗ i2(t) (4)

i2(t) = h1(t) ∗ v2(t)− h2(t− td) ∗ v1(t)
−h3(t− td) ∗ i1(t) (5)

where ∗ denotes convolution operator and td is the modal
propagation delay which was extracted from the modal
analysis in the frequency domain. The impulse response
functions are defined as

h1(t) = L−1{SiS−1
v }, L

−1{SiE(l))S−1
v },

L−1{SiE(l))S−1
i }.
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Fig. 3. Example of five coupled transmision lines. (a) Cir-
cuit model for chip to chip interconnects, all the lines except
for center line a re active and the center line is quite line, (b)
Cross section of five coupled transmission lines, (c) Waveform
comparison between SIGMA and HSPICE in the active line,
and (d) Waveform comparison between SIGMA and HSPICE
in the quite line.

The transient analysis of circuits with multiconductor
lines involves the convolution process for the impulse re-
sponse with four unknown variables of v1, v2, i1, and i2,
which can be determined by using the Modified Nodal
Analysis (MNA) [12].

III. SAMPLING AND RATIONAL
FUNCTION APPROXIMATION

In general, it is known that the wider the frequency
range is, the more difficult it is to obtain stable and ac-
curate rational functions. However, the transfer function
must be accurately represented over the entire frequency
range in order to guarantee accurate and stable time do-
main transient response of transmission lines. Moreover,
the convolution integral even with the recursive convolu-
tion algorithm takes up a long computation time for the
very high order rational function approximation. There-
fore, the transfer functions must be represented by a low
order rational function for computational efficiency. In
this work, a stable and accurate rational function with
very low-order of transmission lines is yielded by using
the LSA and adaptive sampling technique in the inverse
frequency domain.

At first, we define a narrow sampling region in the in-
verse complex frequency domain. The characteristic ad-
mittance of transmission lines in the complex frequency
domain and that in the inverse complex frequency do-
main are shown in Fig. 1(a) and Fig. 1(b), respectively.
As shown in Fig. 1(a), the characteristic admittance
sampled in complex frequency domain moderately in-
creases with s. Many sampling points over the whole
frequency spectrum are necessary to accurately repre-
sent the original function with the rational functions. In
contrast, Fig. 1(b) shows that the characteristic admit-
tance curve has a dynamic range in the local frequency
range.

That makes it possible to represent the function with a
stable and low-order rational function by using the least
square approximation only if we sample it within the lo-
cal dynamic range. That is, if the original transfer func-
tion is continuous from z1 to zp, a data set composed of
a few numbers of points sampled in the dynamic range,
{H(z1),H(z2), ...,H(zp); z = 1/s}, can be readily ob-
tained. Then, a rational function of H(z, z1 ≤ z ≤ zp)
can be defined as follows

H(z) =
Q(z)
P (z)

, P (z) =
m∑
j=1

bjz
j + 1,

Q(z) =
m∑
j=0

aiz
j (6)

where m is the order of both numerator and denomina-
tor. For the linear system with unknown variables, the
coefficients of polynomials can be constructed by mini-
mizing least square error. Then, solving this equation,
the coefficients of rational function can be yielded. The
least square error in (6) is

S =
p∑
i=1

(H(zi)P (zi)−Q(zi))2. (7)

In order to calculate the coefficients of P (z) and Q(z)
of (7), S must be minimized, as follows

n∑
i=0

zik

H(zi)

 m∑
j=1

bjzij + 1

− m∑
j=1

ajzij

 = 0. (8)
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Rewriting it in a matrix form, (8) becomes

HXtXb+HXt −XtXa = 0 (9)

where

X=

 z11 · · · z1m

...
. . .

...
zn1 · · · znm

 ,
H={H(z1),H(z2), ...,H(zn)}, b={b1, b2, ..., bm},
and a = {a0, a1, a2, ..., am}.

The solutions of (9) can be calculated by using Gauss
elimination or LU decomposition. If it is an over-
determined system, QR decomposition or SVD (singu-
lar value decomposition) can be used. In Fig. 1(c) and
Fig. 1(d), the approximated 3rd order rational function
of characteristic admittance is compared with the trans-
mission line data points. Although the function fits in
the local range, it is very close to the original function
in the wide frequency range.

IV. THE CIRCUIT MODEL OF
MULTICONDUCTOR TRANSMISSION

LINES

The analysis of the multiconductor in the frequency
domain needs the similarity transformation of which is
represented in the inverse frequency domain, as follows
[9]

Z(s)Y (s) = s2(L+ zR)(C + zG) = s2K(z).

The voltage eigenvector and the propagation matrix
can be extracted from diagonalization (similarity trans-
form) of K(z) and the current eigenvector can be com-
puted from the following equation

Si(z) = (L+ zR)−1SvΛ(z)

where Λ(z) is the diagonal matrix which consists of the
square root of the eigenvalue. Therefore, the entries of
(3) at zi are represented by

H1(z1) = Si(zi)S−1
v (zi) (10)

H2(z1) = Si(zi)E(l.zi)S−1
v (zi) (11)

H3(z1) = Si(zi)E(l.zi)S−1
i (zi). (12)

H1 is a characteristic admittance matrix in the inverse
frequency domain. The rational function of an entry of
H1 is

H1(z) =
amz

m + am−1z
m−1 + · · ·+ a1z + a0

bmzm + bm−1zm−1 + · · ·+ b1z + 1
. (13)

Letting z = 1/s, (13) can be rewritten by

H1(s) =
a0s

m + a1s
m−1 + · · ·+ am−1s+ am

sm + b1sm−1 + · · ·+ bm−1s+ bm
. (14)

Factoring (14) with a0, it can be rearranged as

H1(s) = a0(1 +
Q(s)− P (s)

P (s)
) (15)

where

Q(s)− P (s)
P (s)

=
Q(s)− P (s)∏m
i=1(s− pi)

(16)

where pi are the roots of p(s). Therefore, (15) can be
represented by partial fractions.

H1(s) = a0(1 + qi
s−pi ) (17)

where qi are the residues of the system. Thus the im-
pulse response of the transmission line in the time do-
main can be directly determined by using the symbolic
inverse Laplace transform of (17). That is,

h1(t) = a0(δ(t) +
∑m
i=1 qie

pit). (18)

To model both the transmitted and reflected waves on
a transmission line, it is necessary to extract the prop-
agation constants in TEM-mode. Extracting the high
frequency delay terms, an element of the propagation
matrix can be evaluated as

E(s, l) = exp(−sΛ(0)) exp
(
− 1
zi

(Λ(zi)− Λ(0))
)
.(19)

Plugging (19) into (11)

H2(zi) = exp(−sΛ(0))F2(zi) (20)

where

F2(z) = Si(zi) exp
(
− 1
zi

(Λ(zI)− Λ(0))
)
S−1
v (zi).(21)

The rational function approximation of F2(z) can be
similarly performed as in H1(z). That is, it can also be
represented with the partial fraction form.

F2(s) = b0

(
1 +

n∑
i=1

qi
s− pi

)
. (22)

Recalling that

H2(s) = exp(−sΛ(0))b0

(
1 +

n∑
i=1

qi
s− pi

)
, (23)

its time domain counter part can be determined by

h2(t) = b0

(
δ(t− Λ(0)) +

m∑
i=1

qie
pi(t−Λ(0))

)
. (24)

Similarly, H3(s) can be evaluated in the time domain
as

h3(t) = c0

(
δ(t− Λ(0)) +

m∑
i=1

qie
pi(t−Λ(0))

)
. (25)
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Now combining these time domain impulse responses
with (4) and (5), I−V relations of the system can be cal-
culated by applying the recursive convolution algorithm
as follows.

i1(tn+1) = a0

[
1+

m∑
i=0

tn+1−tn
2

qi

]
v1(tn+1)+C1+C2

(26)

where

C1 = a0

[
m∑
i=0

epi(tn+1−τ)

∫ tn

0

qiv1(τ)epi(tn−τ)dτ

+
tn+1 − tn

2
(v1(tn)epi(tn+1−tn))

]
C2 = h2(t− τ) ∗ v2(t) + h3(t− τ) ∗ t2(t).

The I − V relationships can be modeled as a Nortorn
equivalent circuit:

I(t) = GeqV (t) + Ieq

where

Geq = a0

[
1 +

tn+1 − tn
2

m∑
i=0

qi

]
, Ieq = C1 + C2.

The multiple transmission line model can be imple-
mented into an existing general purpose circuit simula-
tor, Berkeley SPICE 3.

V. SIMULATION AND VERIFICATION

To verify the new transient analysis model of
the transmission lines proposed in the work so far,
the simulation was performed for MCM-D (Multichip
Module-Deposition) and MCM-L (Multichip Module-
Lamination) structures, and the accuracy of the pro-
posed model was verified using the HSPICE simulation
which employs a 50-segment ladder network.

The triply coupled microstrips shown in Fig. 2(a) were
used as an example for MCM-D structures. The cross-
section of a typical MCM-D structure is shown in Fig.
2(b). The space between the lines is 15 µm, the thick-
ness is 2 µm, and the width of the line is 15 µm. The
dielectric layer is stuffed with epoxy which has a relative
permittivity of 4.0. The length of the lines are 5 cm each.
The transmission line parameters of this structure were
extracted by using Maxwell [13], electromagnetic field
solver. Simulation results are compared with those of
HSPICE as shown in Fig. 2(c). They show a good agree-
ment with HSPICE results. As another example, chip to
chip interconnects in the printed circuit board were con-
sidered. The physical structure of the circuits is shown in

Fig. 3(a). The geometrical characteristics of MCM-L are
listed in Fig. 3(b). The 50-segmented-ladder-network-
based SPICE simulation and the proposed model-based
one are compared in Fig. 3(c) and Fig. 3(d), respec-
tively. They also show a good agreement with the results
of SPICE.

VI. CONCLUSIONS

A new algorithm to simulate the transient response
of a high-speed system that contains transmission lines
is introduced, based on the LSA and adaptive sampling
technique. The stable and accurate low-order rational
functions can be obtained with the proposed method.
The algorithm is modeled as a Norton equivalent circuit
in order to be implemented into Berkeley SPICE 3. The
algorithm was verified with HSPICE simulation that em-
ploys a 50-segment ladder network. The results show an
agreement with those of HSPICE within 5 % error. The
methodology can be directly used in for practical field
for high-speedand high-density circuit evaluation such as
timing verification as well as noise analyses.
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